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Abstract

We consider a class of linear regression model Y; with (¢;) a white
noise error process. We assume that the explanatory variable (X;) and
(¢+) are independent. We show by means of a point process technique
that the asymptotic distribution of Jmax Y}, is the same as the one of

max Xj under specific conditions 0;1 jche noise process. The condi-

1<k<n
tions say that the tail of ({;) is lighter that the tail of (X3).
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1 Introduction

In this paper we are interested to study the asymptotic behavior of the

maxima for a regression model defined by the following scheme :
Yi=aX: +b+ ¢ (1)

where ((;) is a white noise process and (X;) a sequence of independent and
identically distributed random variables (iid rvs) independent of ({;). We
assume that the common df F' of X; belongs to the extreme value domain,
see Gnedenko (1943).

First, let us recall the following result which is the basis of classical extreme

value theory.

Theorem 1 (Fisher-Tippet theorem, limit laws for maxima)
Let (X)) be a sequence of iid rvs. If there exist two sequences (an > 0), (by)

and some non-degenerate df H such that

-1 . d
0 (max Xy —bn) — H, (2)

then H belongs to the type of one of the following three dfs :

Gumbel Alx) = exp(—e™™), z € R,
Fréchet dalx) = exp(—z7%), x>0, a>0,
Weibull Yo(z) = exp(—(—x)%), <0, a>0. =

From now on we refer to the centring constants a,, and the normalizing con-
stants b, jointly as norming constants. We say that the df F' of X belongs
to the maximum domain of attraction of the extreme value distribution H

if (2) holds. We write F' € D(H) (X € D(H)).

The paper is organized as follows. In Section 2 we present the model. In

Section 3, we study the extreme value behavior of the explained variable



(Y;) by means of a point process technique. Under condition on the noise
process, we show that the asymptotic distribution of 1r<n’?<xn Y, is a Fréchet
distribution when the distribution function F' of the e_xp_lanatory variable
belongs to the Féchet domain of attraction. The condition says that the tail
of the noise process is relatively light compared to that of the explanatory
variable. Some examples are given. In Section 4, we give equivalent result

when the distribution function F' of the explanatory variable belongs to the

Gumbel domain of attraction. Section 5 is devoted to the conclusion.

2 The model

We consider the regression model defined in (1) where (X}) is a sequence of
iid rvs independent of the sequence ((;). We assume that F' € D(A)UD(¢,),
a > 0. We suppose that the distribution of ({;) belongs to a large class of
distribution (not necessarily gaussian). The conditions stated in the main
theorem says that the tail of ((;) is lighter that the tail of (X;). We show
that the asymptotic distribution of the extreme values of the variable Y is

the same as the one of the variable X if a > 0 in (1).

We introduce a proposition which allows us to deal with a model simpler

than (1) using a linear transformation

Proposition 1 Let (V;) be a sequence of iid rvs, (¢, > 0) and (d,) two

sequences of IR such that for all continuity point © of H,

<
IP’{lrSnISLSXn Vi < enr +dn} — H(z),

where H is a non degenerated df. If f is an increasing linear function and

if V! = f(Vi) then with ¢, = cnf'(dn) and d, = f(dy), we have

!/ < / U .
P{llgkagxn Vi <cx+d,} — H(x)



Let us now consider the linear transformation : X; = aX; + b where a > 0.
The proposition shows that max X; and max X have the same asymp-
1<k<n 1<k<n

totic behaviour. If X belongs to D(H) with the norming constants a,, and

b, then using the previous result, we get
/ < / /
]P{lrél/?é{nXk > apx =+ bn} - H(gj)’

with a], = aa, and b}, = ab,, + b: (thus it suffices to put a = 1 and b = 0
in (1). From now on, we consider the process (Y;) defined by the following
scheme

V=X + G (3)
where (X¢) is a sequence of iid rvs with distribution function F' and ({;) is

a white noise process independent of (X3).

3 Fréchet domain

Assume now that the distribution function F' which characterizes the r.v.
X of the model (6) belongs to the Frechet domain, i.e., F' € D(¢,) with

o > 0. Denote

an = F71(1 - =) =naL(n), and b, =0

L(tx)

where L is a slowly varying fonction at oo, i.e. limgz—, 4o L@

=1,t>0,

F~1 the generalized inverse function of F' defined by
F~l(y) = inf{z € R, F(z) > y}.

We also recall the following tail balancing condition for a stationary process

(() given in Davis and Resnick (1985)

lim P{¢; >z}

Pla >z i PG <~}
r—too P{G1] >z}

r—+00 P{|C1| > ZL’} = 1=, (4)



where 0 < mg < 1.
Let & be the Borel o-field of subsets of a set E C R*. Forx € E and A € &,

we define the measure ¢; on £ by

1, reA
0, x ¢ A

ex(A) =

Let {x;,i > 1} be a a countable collection (not necessary distinct) of point
of the space E. A point measure m is defined to be a measure of the form
m = Y peq €y which is nonnegative integer valued and finite on relatively
compact subsets of E. The class of point measures is denoted by M, (E).
Let also i1 be a Radon measure on £, a Poisson random measure with mean
measure p will be denoted by PRM ().

Now we introduce :
o
Nn = E 6(%»0«;1}/1@)’
k=1
and

00 [oe)
1 2
Nﬁb ) = ZE(% anlXp)’ Ny = ZE(%? an ' k)
k=1 k=1

Thus, N, NT(LU and N7(12) are PRM. The two next lemma give the convergence

of these processes. Part 1) of lemma 1 is due to Resnick (1987).

Lemma 1 1) Let (X;) be a sequence of iid rvs with common distribution F
belonging to D(¢qa) with a > 0. Suppose F(0) =0 so that X; > 0 a.s.
Then

d

NS) — Ny as n — +0o0,

in Mp([0, 00) x (0, o)), where Ny is a PRM(X x v1) with X the Lebesgue
measure on [0, co) and vi(z, co] =x~%, = > 0.
2.) Suppose that the sequence of iid rvs ((;) satisties the tail balancing

condition specified in (4) and the following condition fot x > 0

nF¢|(anz) — 0, as n — +00. (5)



Then

Nﬁbz)i> 2=0 as n — 400,
in Mp([0, 00) x (=00, +od] \ {0}). =

Proof : It suffices to show that
nP{a,'¢; €.} %0 as n — +00, (6)

14
where — denotes vague convergence of measures.

First, using the tail balancing condition (4), we have for all z < 0,

lim nP{a,'¢; <z} = hm (1 — mo)nP{a, |G| > —x} (7)

n—-+00

Morever, for all z > 0,

lim nP{a ¢ >z} = hrn monP{a, ¢1| > ). (8)

n—-+00

Using the assumption (5), the expressions (7) and (8), we establish (6) as

claimed. =

The following lemma permits to get the convergence of the process IN,.

Lemma 2 Assume that the process (X;) and ((;) satisfy the hypotheses of
lemma 1 and (Y:) verifies (3) then in the space My([0, 00) X (—o0, +00] \

{o})
Nni>N1—|—N2 as n — 400,

Proof : Here we adapt the proof of proposition 4.21 of Resnick (1987) applied

to linear processes. We must show

(o9}
P
25 b anlzk: ’ 25 by anlxkel +€(* an Ck€2)) - 0 (9)
k=1 k=1

6



where Zp, = (Xg, (x), e1 = (1, 0) and es = (0, 1).
Where d is the vague metric on M, ([0, 0o) x (—o0, +00] \ {0}). It suffices
to check for all f € C{([0, 00) x (—o0, +0o0] \ {0}) with support contained

in [0, 1] x {(x1, x2)); |z1| > d or |x2| > &}, for some & > 0, that

L(f) - I;(f) 20, (10)

where I,, and I} denote respectively the two terms of (9). Set

H ={(z1, x2)) € [-00, +00] : |z1| > and |za| > d}.

Then
I(f) = / fdl, = / JdI, + / fdI,.
[0, 1]xHe® [0, 1]xH
Since
E[I,([0, 1] x H)] = nP{a,'Z, c H}

< nP{a;'|Xy| > 6} P{a, |Gk > 6}
< nP{a,'Xi > 6}P{a,'[C1| > 6}

We have :

E[L,([0, 1] x H)] — 0 as n — 400,

and this readily implies,

In(f):/fdl :/{Q . FdI, + op(1).

Morever, we have obviously

I:(f) = / far.
[0, 1]x He

To establish (10), we must show that the following expression

ok ok
DI 20 o x<s sy — D2 T an )l sy (11)
k=1 k=1

Eoo, "k
DTG 0 0 s <oy — D TG 0 Xke) Lo,
k=1 k=1

7



tends to 0 in probability. The first term of (11), which we denote by J; can

be written in the following form

n
k
—1 -1
Zf S R R A Zf(ﬁ’ A Cke2) Lot X, <6, 0ol >0}
k=1

ko1
Zf(; O Cke2) Lt X, 55, el >0}
k=1

We have :

. koo
|J1|<Z|f 0 Zk) = f(s an el <o iy (12)

+Zf(%’ aglgm)l{a;lka, an [Ck|>8}
Let denoye by A and B, the two terms of (12).
E(B) < nP{a; | X4 > 8}P{a; |Gu| > 6} sup f ().
Then
E(B)—0 as n — +00.

The indicator function associated with A is bounded by (0 < 7 < 9)

Lt xe<n, anticl>o) T Yamtxion, aiticel>n}

Therefore

E(A) <sup{|f(s, ©) = f(s, mae2)| +  |ma| <, |w2| > 6}nPlay, "¢ > 6}

+(Constante)nP{a, * X}, > n}P{a,*|Ck| > n}.

Since f is uniformly continuous on its compact support, the sup can be
made as small as we like by choosing 1 small. By (5), the bound of E(A)
converges as n — +oo to 0 and hence Jj tends to 0 in probability. By
similar arguments, the second term of (11) which we denote by Js tends to

0 in probability and the formulae (9) is proved. We have proved that

25 7 anlzk: and 26 anlxkel) +€(* an Ck:eQ)

n’



have the same weak behaviour.

Since
E :gfaank E :gtm]k
and

o0
d
Ze(’“,anl Zs(fk’lk)’
k=1

we have by the continuous mapping theorem

o0 o0
Zs , Ay Xkel Z E(tr, jrer)
k=1 k=

and
(o] o
d
Zg(%,aZIXkez) Zg(tkvlk@)'
k=1 k=1
Which implies

o0
. d
Iy Z E(ty, jrer) T E(ty, lpea)-
k=1

An application of the continuous mapping theorem yield that :

00
;15(270‘7_1/1}/](3) - ZE g, anIZ

%
1O
m
:
_l_
7
m

Ckez)

E(t, jrer) T E(ty, lrea)

8\\M8

- E(tr, i) T Etn, )

o
—_

To finish the proof, we notice that N; and Ny are independent which is a
consequence of the independence of X; and (;.
Using the Laplace functional, we get
Uwiam(e) = exp— [ (1 — 9@ ) dm(z, y)
[07 OO)X(—OO7 +OO)\

where m = Axwvy, \is the Lebesgue measure. This is the desired conclusion. m



Now we give the main result when F' belongs to the Fréchet domain.

Theorem 2 Under the hypotheses of lemma 2, we have
P{a:LanSfE}—’Qba(l‘), x>0, a>0 as n — +oo

where M, = max. Yy and (Yi) verifies (3).

Proof : Consider the mapping 75 defined by

o

TQ(Z E(tr, jx)) = SUPjk, th <.}
k=1
Set
a 1M, it t< l’ n>1
a,'Yy if 0<t<i

T, is an a.s. continuous mapping from M, ([0, co x (0, oo]). This relation

and the continuous mapping theorem yield that

oo d oo
TQ(Z Sk, aﬁlYk)) =Ya() = TQ(Z E(t, n) T E(tkyjk))'
k=1 k=1

Denote by Y(.) the extremal process limit. By the lemma 1 and 2, we obtain
P{Y(t) <z} = P{Ni+ No([0, t) X [z, c0)) =0}
= exp{—A x ([0, t) X [z, o0))}
= exp{—tz “}, x>0m
Theorem 1 permits to show that the asymptotic behaviour for the extreme
value of (Y;) defined in (3) belongs also to D(¢,). Now if we consider the

norming constants o, = aa, and b,, = ab,, + b the result is always true for

the process (Y;) defined in (1) using proposition 1.

10



Remarks and Examples :

The assumption (5) is verified by several classical distribution for (.

e Noise with Weibull-like distribution.
We suppose here that the random variable (; has a Weibull-like distri-
bution

Fe(x) = exp(—cz™l(x))

where ¢ and 7 are positive constants and lim I(z) = 1. Using the

r—+00
log L
fact that log L{n) — 0 as n — +oo (see Proposition 0.8 i) of Resnick
ogn

(1987)), it is easy to see that
nF(anx) = exp(—c(anz) l(ant))
goes to 0 as n — +o0.

e Generalized error distribution (GED) noise
Suppose that the random variable (; follows a GED distribution. The

GED density is defined by

fe(x) = coexp(—klz[7), (13)

with ¢g > 0, v > 0 and k& > 0. The expression (13) can also be written

_ vexp(—3|¢")

- 0
fe(@) () v >
with )
2771(%)
T = )
NE)

This class of density contains the normal density (y = 2) and the
Laplace density (y = 1), and has the uniform density as a limit
(v — +00). It was firstly introduced by Subbotin (1923) as the expo-

nential power distribution. The tail behavior of the noise process ((t)+

11



which is characterized by such a density depends on the tail-thickness
parameter 7. For instance, if v = 2, then {; ~ N(0, 1), while for v < 2
the distribution has thicker tails than the Gaussian distribution. De-

note by ®. the corresponding distribution function, we have

1—®¢(x) < %xl_%_k“ﬂ, v >1/2.

log L(n)

Using again the fact that
logn

— 0 as n — 400, we establish the

desired result.

Noise with Pareto-like distribution

If F¢ is Pareto-like distribution function with parameter 8 < «, then
the condition (5) is not satisfied. If # > « then the tail of the error
distribution is relatively light compared to that of X and then the

condition (5) is satisfied.

4 Gumbel domain

Assume now that the distribution distribution F' of X; belongs to the Gum-

bel domain, i.e. F' € D(A) with the norming coefficients a,, and b,. Here

we precise two technical lemma before giving the main result.

Lemma 3 Let (X;) be a sequence of iid rvs with common distribution func-

tion F' € D(A) and (¢;) a sequence of iid rvs with marginal density fc. We

assume that (X;) and ({;) are independent a, — v~ € (0, o). Then in the

space M, ([0, 00) x (—o0, +00]?)

o0
3) d
NP = Zg(%a:l(m—bn),a;lck) — N3 (15)
k=1

where N3 is a PRM(Ax p3), N3 can be written in the form Y 32| e, vy, vi)s

X is Lebesgue measure on [0, 00) and us(dz, dy) = e *dzy~ fe(v1y)dy.

12



Proof : In view of proposition 3.21 of Resnick (1987), it suffices to check
for (z, y) € (—oo, +00]? that
nP{(a," (X1 = by), a,'C1) € [z, +00] x [y, +o0} = e ", (v 'y).

1

Since ({;) and (X;) are independent and a,, — ™", it is now straightforward

to obtain the desired result.

Now we establish a convergence result for a point process based on the

explained variable (Y%).

Lemma 4 Assume the same hypotheses than in lemma 3 and a, — v~ €

(0, 00), assume also that (Y;) verifies (2) and

9::/ fe@)erdt < +oc. (16)
R

Then in the space M,([0, 00) x (—o0, +00]), we get

4 - d 3
N = Z%’i, ot (i)~ N1 = D vy, (a7
k=1 k=1

where Ny is a PRM(X\ X pyg), X is Lebesque measure on [0, 0o) and py(dx) =
fe "dzx.

Proof : An application of the continuous mapping theorem to (15) gives
(17). The computation of the mean measure A x pi4 needs (16). As a matter
of fact, define the function T from [0, oo) x (—o0, +o0]? into [0, oo) x

. 2
Tt 2. y) = (t, (x+v)) it (z,y)eR

(t, 0) if 2z =400 or y=+o0.

By the proposition 2.2 of Davis and Resnick (1988), the mapping
T: Mp([()? OO) X (_007 +OO]2) - MP([()? OO) x (_007 +OO])

13



defined by
T(ngz) = ZET-Ti

is continuous. Then
NW = 7(N®) -4 Ny = T(N3)

where T (N3) is a PRM with mean measure A x u4 given by easy computation.

Indeed
,[,64(25, +OO] = M3 OT?1(27 +OO]7

= w3{(z, y), x+y >z},

= / e "y fe(yy)dady,
{z+y>z}

“+o00
= /]Rv‘lfc(v‘ly)/ e “drdy,

-y

= /7‘1fc(7‘1y)e‘z+ydy,
R
= e_z/ v (v y)evdy
R

Since the assumption (16) is verified, the result follows upon changing vari-

able.

Theorem 3 Under the hypotheses of lemma 4, we have

lim P{a;l(lrgﬁc Y, —by) < x} = A(z), forall zeR

n—-4o0o

where A% (z) = exp(—fe™®).

Proof : The proof is identical to that of theorem 2 where N7 + Ny is

replaced by the process limit N4 defined in lemma 4. =

By the same way as in 2.1, we can extend these results to the process (Y3)

defined in (1). The condition (16) is satisfied when the tail of the noise

14



distribution is relatively light compared to that of X when the distribution of
X belongs to the Gumbel domain of attraction. For instance (16) is satisfied
by distribution function with bounded support, Gaussian distribution and

the exponential distribution with parameter A > ~.

5 Conclusion

In this paper the asymptotic behavior for the extreme values of a regression
model is studied. Under conditions satisfied by several classical distribu-
tions, we have shown that the extreme value theory of the explained vari-
able is the same as the one of the extreme value value of the explanatory
variable. So statistical inference of extreme values about (Y;) could be han-
dled using the process (X;). Applications of these results are provided in a
fourthcoming paper. The same problem could be considered in the case of

dependent sequences.
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