MEAN SQUARE PROPERTIES OF A CLASS OF KERNEL DENSITY
ESTIMATES FOR SPATIAL FUNCTIONAL RANDOM VARIABLES
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ABSTRACT. We investigate a kernel estimator of the probability density of a stationary
random field {Xi, ie NV } valued in a semi-metric space. We establish under mild
mixing conditions the simple mean square consistency of the estimate when the field is
observed over a rectangular domain of NV,
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1. INTRODUCTION

Modelling spatial data has been the purpose of many investigations in the statistical
literature. See for instance, Cressie (1991), Ripley (1981), Anselin and Florax (1995),
Guyon (1995) and others for exposition, linear methods and applications. Spatial models
are developed to take into account dependence structure observed between measurements
at different positions for data collected from different spatial locations. Geology, soil
science, image processing, ecology, atmospheric science are all examples of discipline where
spatial data are collected.

The purpose of this paper is to study a kernel density estimator for random fields Xj
which are valued in a space of eventually infinite dimensional, where the spatial index i
varies discretely throughout the space Z" (N > 1).

Key references on spatial nonparametric estimation of the density of a real random field
are Tran (1990), Tran and Yakowitz (1993), Carbon, Hallin and Tran (1996), Carbon,
Tran and Wu (1997), Hallin, Lu and Tran (2004), Carbon (2006), Biau (2003), Bensaid
and Dabo-Niang (2006), Dabo-Niang and Yao (2007), Carbon, Francq and Tran (2007),
Lu et al. (2007) among others.

Problems involving density estimation for a spatial random variable taking values in
an infinite dimensional space have received little attention until now. Dabo-Niang and
Yao (2006) studied the convergence in probability and the strong convergence of the
kernel density estimate for spatial functional random variables, under various types of
asymptotics and mixing assumptions. In general, density estimation is a field for which
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advanced theoretical studies in infinite dimension case was quite underdeveloped (see
Dabo-Niang (2002-2004), Dabo-Niang, Ferraty and Vieu (2006) and Ferraty and Vieu
(2006)).

In the setting of univariate or multivariate real random variables, the probability den-
sity of the sample is usually defined with respect to some reference measure (Lebesgue’s
measure or counting measure). When one studies a sample composed of functional data,
for instance when the statistical unit is a curve (see Ramsay and Silverman (1997-2002),
Bosq (2000), Ferraty and Vieu (2006)), the problem is much harder since there is no com-
monly accepted reference measure. Therefore, all our theoretical developments are given
for any abstract measure making the probability distribution of the sample absolutely
continuous.

The paper is organized as follows. The next section sets up the notations and the
assumptions which will be considered in the sequel. Section 3 is devoted to some prelim-
inaries results. In Section 4, we stated the mean square consistency results of the spatial
kernel density estimate. Proofs of the main results and technical lemmas are postponed
in an appendix in Section 5.

2. SPATIAL DENSITY ESTIMATOR

Consider (Xi, ie ZN) , N > 1, a measurable strictly stationary spatial process defined
on a probability space (€2, A, P), having the same distribution as a variable X and valued
in a separable semi-metric space (£, d(.,.)) which is eventually of infinite dimension. A
point i = (iy,...,ix) € NV will be referred to as a site. We suppose that the X;i’s have a
common distribution with an unknown density f with respect to some given measure .
As mentioned above, we will give our results without specifying this reference measure.
Let B¢ be the Borel o-field generated by the open sets of £. We will assume that the
measure p is o-finite and is such that 0 < u(A) < oo, for any open ball A C €. We
define a rectangular region Z,, by Z,, = {i ENN 1<, <my, k=1, ...,N} where n =

nj

Nk

0<C <ooandVjk €{l,..,N}. All the limits will be taken as n — +oo. We set
n=mn; X ..Xxny. Throughout the paper, C' will denote an arbitrary constant.

(n1,...,ny). We write n — +oo if ming_; _yn; — 400 and < (C for some constant

We deal with the estimation of the density f. We suppose that a spatial sample is
available on Z,,. We define a general kernel estimate of f based on (Xj, i€ Z,) as:

1
— Y Ka(d(Xiz), z€&

N T

fa(z) =

x

7) is a sequence of strictly positive reals depending on x with lim, . af = 0

where (a
and K, is a real valued function which depends on n.



KERNEL DENSITY ESTIMATES FOR SPATIAL FUNCTIONAL RANDOM VARIABLES 3

We will also consider the simple case of kernel naive estimator where Ky (d(,z)) =
Iz; (t) is the indicator function and af, = p(By,), By, is the closed ball of center x and
radius r, > 0. This estimator is the following

~

1
1) fie) = = S My (X)) a el
nu(By) ; "

The general estimate f,, (x) is an extension of the well known Parzen (1962)-Rosenblatt
(1956)’s estimate. A great attention has been paid to estimate the density (spatial and
non-spatial cases) of a distribution of a random variable valued in a finite dimensional
space by using a kernel method, see the references therein.

2.1. General assumptions. The following condition concerns the nonparametric statis-
tical model and is the same as in the classical finite dimensional case:

Fy - f is continuous at x € £.

We need the following assumptions on our estimates. We will not discuss now these
technical hypotheses, but the special case treated in Theorem 1 of Section 4 shows that
they are quite unrestrictive. Precisely, we need to assume:

Hy - V5,0 <6 < +oo, lim

n—oo

X
an

1
L / Ko (d(y,2)) duly) — 1] = 0;
d(y,x)<d

Hg—Vxegz

Sp = supKy (d(z,y)) /ay < oc.
ye€

Hs - ||f|lo = supyee | f(y)] < oo.

We set limy, ;o0 ST = 400, since (af) is a sequence of strictly positive reals such that
limy 400 af, = 0.

For more discussion on these conditions, see Dabo-Niang, Ferraty and Vieu (2006).

2.2. Dependency conditions. In spatial dependent data analysis, the dependence of
the observations has to be measured. Here we will consider the following two dependence

measures:

2.2.1. Mizing condition. We will measure the spatial dependence of the process by means
of a-mixing. We assume that (Xi, ic NV ) satisfies the following mixing condition: there
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exists a function ¢ (¢) | 0 as ¢ — oo, such that whenever E, E' subsets of N with finite

cardinals,
o (B (E), B (E)) = " IP(BNC) - P (B)P(O)
2) <4 (Card (B), Card (E)) 0 (dist (E E)) ,

where B (E)(resp. B(E')) denotes the Borel o-field generated by (X, i€ E) (resp.
(Xi, i€ E')), Card(E) (resp. Card(E')) the cardinality of E (resp. E'), dist(E, E')
the Euclidean distance between E and F and v : N> — RT is a symmetric positive
function nondecreasing in each variable. Throughout the paper, it will be assumed that
1 satisfies either

(3) ¥ (n,m) < Cmin(n,m), Vn,meN
or
(4) w(n,m)gC(n+m+1)§, Vn,m €N

for some B > 1 and some C' > 0. We assume also that the process satisfies a polynomial

mixing condition:

(5) o) <Ct? >0 teR,C>0.

Another condition on ¢(i) is also often used in the literature: that is (i) = C' exp(—si)
tends to zero at an exponential rate, for some s > 0.

These two exponential and polynomial conditions are linked (see Bosq ( 1998) for
details).

If v = 1, then X is called strongly mixing. Many stochastic processes, among them
various useful time series models satisfy strong mixing properties, which are relatively
easy to check. Conditions (3)-(4) are used in Tran (1990), Carbon et al. (1996-1997),
Tran et al. (1993), Biau and Cadre (2004). See Doukhan (1994), Rio (2000) for discussion

on mixing and examples.
2.2.2. Local dependency condition. We will assume that the joint probability

P[(X;, X;) € BE x B2 ] of (Xj,Xj) satisfies the following local dependency condition
which is necessary to reach the same rate of convergence as in the i.i.d case:

(6) Vi,jeZ", P[(X;X;) € B x B:] = (u(B))™", for some =, € (0,1).
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or

(7) Vi,jez",

(ai)gE(Kl‘l(d(‘r7Xi))Kn(d(I;Xj))) = (S)'7% | for some £, € (0,1).

3. PRELIMINARIES RESULTS

The following two lemmas are due to Carbon et al. (1997). They are needed for the
mean square convergence of our estimates. See the last reference for the proofs.

Lemma 1.

(1) Suppose that (2) holds. Denote by L,(F) the class of F—measurable r.v.’s X satisfying
1 X, = (B|X|")Y" < 0o. Suppose X € L.(B(E)) andY € L (B(E")). Assume also that
1<r s, t<ocandrt+st+tt=1. Then

(8)  |EXY — EXEY| < O|X|||IY || {e(Card(E), Card(E")p(dist(E, E'))}'/".

(1i) For r.v.’s bounded with probability 1, the right-hand side of (8) can be replaced by
C(Card(E),Card(E"))p(dist(E, E")).

Lemma 2.
If (5) holds for @ > 2N, then

©) S el < oo,

for some 0 < a <1/2.

The following lemma is a direct consequence of Lemma 2 of Chapter 6 of Dabo-Niang
(2002) or Theorem 1 of Dabo-Niang (2004), so its proof will be omitted.

Lemma 3. Let g € Li(E, p). If g is continuous at © € £ then, limy_yoo T™n = 0 implies
that:

lim
n—co (1(BY, )

/B 9(y)du(y) = g(x).

The following two lemmas give respectively the convergence of the bias and asymptotic
results of the variances of the two kernel estimates given above.

Lemma 4. Let x € €, if F, Hi-Hs and (7) hold then

Lemma 5.
Let x € € and (3) or (4) be satisfied with Y2, ¥ "1 (¢(i))* < oo, for some 0 < a < 1/2.

(i) If F\ and (6) hold, we get
lim Bys(BZ)V(fL(0)) < os,

n—oo
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(11) If Fy, Hi-H;3 and (7) hold then:
lim (8/52)V; (fa(a)) < o<,

n—oo

Remark 1. As stated in Lemma 2, if (5) holds with 0 > 2N then Y oo iV (p(i))* < oo
for some 0 < a < 1/2. It suffices to choose (N/0) < a < 1/2.

4. MEAN SQUARE CONSISTENCY RESULTS

We are now able to state mean square consistency results of the two estimates. The
following result gives the mean square consistency of the naive estimator. To prove that
the conditions on B; and ry, given in the following theorem are necessary and sufficient
to the mean square convergence of the naive estimator, we assume that the measure p is

also diffuse.

Theorem 1. Let x € &, if Fy, (6), (3) or (4) are satisfied, then
lim r, =0 and  lim nu(B; ) = oo,
n—oo n—o0
are equivalent to

(10) lim Ef(fa(z) — f(x))* =0,

n—oo

when (5) holds with § > 2N.

The following result gives the mean square consistency of the general kernel estimator.

Theorem 2. Let x € &, if F\, H\-Hs and (7), limy_,oo(n/SE) = o0, (3) or (4) are
satisfied, then we have:

(11) lim Ey(fu(z) - f(2))* =0,

n—oo

when (5) holds with 0 > 2N.

4.1. Conclusion. This study is motivated by a desire to provide a non-parametric esti-
mate of the probability density for functional spatial processes. A first step is provided
by Tran (1990) where an asymptotic result of the variance and asymptotic normality of
the kernel density estimate are considered. The present work extend his result to the case
where the random variables are valued in a metric space of eventually infinite dimension.
This is a modest step to functional spatial data analysis but still does not master regres-
sion or others functional nonparametric spatial problems. However, the notion of spatial
density estimate is an useful tool for studying regression and classification models among
others.
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5. APPENDIX
The proofs of the results are stated in this section..

Proof. of Lemma 3
We have
1 1
i J,, 00~ 90 < g [ 1o) oot
Since ¢ is continuous at x, for all € > 0, there exists n. > 0 such that for all y € &:
d(y,z) < ne = |g(y) — g(z)] <e.

We also note that r, — 0, as n — +oo, so for . > 0 : there exists n,_such that r, <7,
for all n > n,,_. Therefore

d(y,z) <ra <me=|9(y) —9(z)| <e

Finally, we get for all € > 0 there exists n, such that for all n > n,

57| dn) - ot

This yields the proof.

gmégéwmwmmwM<e

©
n

Proof. of Lemma 4
The bias of f,(x) for z € £ is

b)) = - [ Ko dla0) SO0 - f(a).

Now, for some § > 0 and x € &, let

JN@=~%/ Ko (d(z, 1)) (F(5) — F(2)) dpu(t),
an J{t,d(z,t) <6}
and
R = [ Kalde) (£0) - fla) dut).
an J{t,d(x,t)>5}

By H,, we have

i () — (o) — La(e)| = .
Since f is continuous at z, we have: Ve > 0 there exits n > 0 such that for all y € £ :
d(y,x) < ¢ implies that |f(y) — f(x)| < €. Then we have

h@si/ &WWWWWJ@WMSL/ K (d(x, 1)) edpi(t) < e,
{t, d(z,t)<8} {t, d(x,t)<8}

X xT
a“n an
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by Hl-
Moreover Il
2| flloo
(z) < A7) Ko (A, 1)) du)
ay {t, d(z,t)>6}
goes to zero by H; and Hs. Thus I (x) — 0, Io(2) — 0. This yield the proof.

Proof. of Lemma 5
Let Gn(z) = fu(x) or fi(z). We have

Z Vi(Z,.) + Z cov (Zs, 2, Zj.)

i€Za i£j

Vi (Gu(z)) =1

where .
Zi,ﬂﬂ = _:CK“ (d (Xi, :L‘)) .

or
1

Tiw=—s
(B

I (Xj).
Then, we have

Vf (G S n 2 (Z Vf i —|— Z Z |COU (Zi’l-, Zj’x)‘> = fll(x)—l—flg(x)

icZ, i€Tn jE€In, ix#£Jr for some k
Let us consider first the case of (i). We have
1 1

ﬁuBfﬂflx: Vi(Ig: (Xk)) < f@)du(t), for some k € 7,
(BL)A) = sVl (60) < s | 7Oty
Thus
limsup fip( By, ) A (x) < f(x),
n—-+o0o
by Lemma 3.

Let us split Ay(z) into two parts:

Z Z cov(Zs zy Zj ) +Z Z cov(Zi z, Zs ) :fl($)+f2(x).

0<dist(i,j)<mn dist(i,j)>mn

We have

E(ZiuZ;0) < P ((Xi, X;) € By, x By,)

<
— (u(Bg))?

1 T 14e1 zr \\e1—1
SW(M(BT.,)) = (u(B7))™"

by assumption (6), where 0 < &; < 1. Then we get
fu(B;,)Li(x) < C@p(By,))amy A (u(By,))" ' = Cmy (u(Br,))™
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Let my = (u(BE)) D2 where v = =N —g14+(1—7)e;Na ™, v and &1 (see hypothesis
(6)) are small positive numbers such that a te; —(N+e1)(N(1—7)) ! > 1 (this is possible
since 0 < a < 1/2). Then, we have

(Bu(B;, )i (x) < Clu(By,) V070,

thus limy 0 (A (B2 )11 (z) = 0 since v > N(1 — 7).
Let us turn to I5(z) and let v/ = 1—(1—7)ey, § = 2(1—+")/+". Notice that v = 2/(2+4)
and 1 —+' =d/(2+ ). We apply Lemma 1 with r =s=240; t = (2+6)/6 and get

!

1 7 . . 1—v
e e (60]) (=)

1B (ZiuZ50) = E(Zia) B (Z50)] < C ((u

for some k € 7,,.
Employing the previous inequality, we get:

B0 < ) Y Y (e

li=jl[>mn

/

e I (5]) (eli= i)

< O (B ) (u(B7,) 7 (@E ) 2. 2 (=Y

lli=jll>mn

!

< OR (B, ) (u(BY,) T (u(;)E[ﬂBka)]) By (el
n i[>
< B (s P [, 000] ) 3 Gl

lli[|>mn

We deduce that ¢(i) = o(i/¢) from assumption > °°, i¥71(p(4))* < co. Therefore

.l o1 iy s —N(1—+"/a I _N_e
I CoClEl) " = Nll7o 31007 = o3|,
since o(t) = o(t~/%) as t — oo (because ¢ is a decreasing function) and

v=-—N—¢c +(1—7)eNa'>0.

Then
Yl Gl < oo,
i€Tn

Since (u(Bf))~ =Y =1 and

(@E (L (Xk)]>7/ - (u(éfn) /””
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we obtain

!

lim sup np(B;, )IQ( ) < C'lim sup (M(Bffn))_lﬂl (mE []IBZ (Xk)}>7 Z (@(Hi”))l_fy

n [li[[>mn

!

< Climp(52) (B [T (0] ) X I ol

Hi”>mn

< Clim Y [l (e (i)

llif|>mn

This last term tends to a finite value when n tends to infinity.

Let us prove (ii), so consider the case where Gy (z) = fn(x), then

Vi (fa(z)) <02 (Z Vi(Zig) + Z Z |cov (ZiJ,Zj,I)\) = Ay (z)+A5(x).

i€cZn i€Zn JEZn,ix#Jy for some k

We have

Thus by Lemma 4
limsup(fi/S5)) A1 (z) < f(2).

n—-+4oo

Let us split Ay(z) into two parts

Z Z cov(Zi g, Zi ) + Z Z cov(Zig, Z;n) | = Li(2)+1y(x).

0<dist(i,j)<mn dist(i,)>mn
We have
E(ZiyZs0) = (Sp) 0!
by assumption (7), where 0 < ¢; < 1. Then we get:
(0/S5) 1 (x) < (B/SHAmA>(SE) ™7 = my (55) ™.
Let my = (1/52) 009 where v = =N — & + (1 — y)e1Na ! (see the proof of (i)).
We deduce that:
(@/Sp) () < (1/57)7 7N,

thus limy,_,o0(1/S%) 1, () = 0 since v > N(1 — ).

Let us turn to Iy(x) and notice that (as above):
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!

B (ZinZia) — B (Zi2) B (%) < C (%

0!
) . . —
az>2+6E[Kn(d($7Xk))]2+ ) (e(li—3ln""

for some k € Z,,. Then, we get

@/Sp)L(x) <C@sy) 'y Y (%E[Kn(d(w,Xk))]m> (p(lli =3l

i goma \(@5)

By Assumption Hs, we have

(8/S5)T,(x) < C@SE) ' (1/55)7 0+ (%E[K d(z, %)) ) SO (el il

Qn

lli=jlI>mn

!

%E[Kn(d(JC»Xk))]) n Z (gp(HiH))lw

a’ .
H1H>’Inn

< O(@SE) (/5% >(

n

!

LB )]) Y i

" i[>

< C(1/85) (

Therefore
11 (D) = [l o(Jli]|~N=77e) = of|Ji]| =),

1
> I (e (i) < oe.

IEIn

Since (1/52) " 'm_v =1, and

and

/

(iE[Knu(x,xk) - (& [ Raltte ) @t)) = 1)

an
(see Lemma 4) we obtain:

!

B X0)) S el

a
n HiH>’Inn

limsup(fi/5%)[o(z) < Climsup (1/5%) " (

gonmsupu/sg)—lﬂ’m;(%E[wm,xk))}) S e

a
" lif|>mn

< Climsup Y [l (p(li])" "

HiH>’Inn
This last term tends to a finite number when m, tends to infinity. This yields the proof.
O
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Proof. of Theorem 1
We have for all z € £

~ ~

(12) By(fa(@) = f(2))* = Vi(fa(@)) + 0*(fal@)),

where b(fl(z)) = Ef(fi(x)) — f(z) is the bias of fl(x).

Let us first show the sufficient part of the theorem. When f is continuous at x and r, — 0,
we deduce from Lemma 3 that, b(f.(x)) — 0. The hypotheses (6), lim,_,q nu(BY ) = oo,
rn — 0, 0 > 2N, the continuity of f at  and Lemma 5 imply that V;(fL(z)) — 0.

Let us prove now that the conditions lim,_,o Nj(B7 ) = oo and r, — 0 are necessary to
mean square convergence of f1(z).

To this aim, let (as in chapter 4 of Dabo-Niang (2002)) a € &, >0, C; > 0, Cy > 0,
arbitrarily chosen, let us take the following density

Ve e &, f(x)=Cilpe(x)+ Col(peye(z),

where (B%)¢ is the complementary of B and
1 — Cip(By)
p((BR)°)

Let us suppose that fL(x) converges to f () in mean square, this is equivalent to, both

01#02702:

the bias and the variance converge to zero.

Let us show by contradiction that r, — 0. We know that (ry),c.v is a decreasing
sequence, and more it is strictly positive, then its limit is finite. Let us suppose that,
a4 h > 0, then we can deduce that, B | Bj as n — oo, and we have that f is
integrable with respect to p, then we deduce that, (see Hoffmann-Jorgensen (1994), p168)

fy)duly) — fy)du(y).

B, noee J By
We can write now,
e, TWdnly) gy F(y)du(y)
Toum) T By

as n — 0o. Let r = h, and let us choose © € By, ,, where By is the opened ball of center

Ej (fa(z))

a and radius h, then f is continuous at z and f(z) = C4, thus we write

fBg f(y)du(y) B fBﬁﬁBg f(y)du(y) fBgm(B;;)C fy)duly)
w(By) w(By) #(By)
Let, AT, = By N B} and A3, = By N (B}y)¢, then we get u(B}) = p(A7,) + 1(A3,),

M _ (A3 ,)[1 = Cr.p(€)]
p(BE) T BB
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But,

1
Cl#m;

because C1 # Cy. Finally we have, for all z € B, :
flz) = C, # lithf (fL(x)), and this is a contradiction with the fact that the bias
rn—

converges to zero, thus

lim r, = 0.
n—-+oo

Concerning the variance, let us recall that limy,_, o u(BE )V (fi(x)) < +00 (see Lemma
5). Moreover, we have by hypothesis V} (fﬁ(x)) — 0 as n — oo, this imply that
lim nyp( By ) = oo. The proof is therefore complete. 4

n—oo

Proof. of Theorem 2
It follows directly from Lemmas 4 and 5.
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