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Abstract

We estimate a regression function on a point process by the Tukey regressogram method in
a general setting and we give an application in the case of a cumulative Renewal Process.
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1 General hypotheses

We consider in this paper a bidimensional point process f0 defined on a probability space(
Ω,A, P

)
with values in R+ ×R+. For any Borel set A of R+ ×R+ denote by f0(A) the

number of points falling in A. We suppose that l = f0(R+×R+) is finite almost surely and
that the mean measure of f0 say µ admits a Radon Nikodym derivative f ∗.For every open
non-empty set Θ we suppose that P (f0(Θ) > 0) > 0.

Let f0,1 be the first projection of f0;we denote by µ1 its mean measure and f its Radon
Nikodym density. If l ≥ 1 let (X1, Y1) ,...,(Xl, Yl) the points of the process ordered such that
X1 < ... < Xl.
We define (X0, Y0)=(0, 0).Let α be an integer and suppose l = l0,l0 > 0.

The model of regression we are considering satisfies the following:
a)E

(
Y α

j /X1 = x1, ..., Xj = xj, ..., Xl0 = xl0

)
= E

(
Y α

j /Xj = xj

)
for j = 1, ..., l0

b)E
(
Y α

j /Xj = x
)

is independant of j and l0 for j = 1, ..., l0. We denote this funtion as Ψα(x)

Consider fi for i = 1, ...n n i.i.d points processes having the same distribution as f0 and
f(n) their superposition in the sens of Cox[1966]. We denote m = f(n)(R+ ×R+) and f1,(n)

the first projection of f(n). If α=1 we denote as Ψ the function Ψα.
The estimator we are dealing with is the fixed bandwidth regressogram of Tukey [1961]

developped later by Major[1973], Geffroy[1980]. It was utilized for estimating the regression
function on a Poisson Process in Dia[1987].

Suppose m ≥ 1 and let
(
X

(n)
1 , Y

(n)
1

)
,...,
(
X

(n)
m , Y

(n)
m

)
be the points of f(n). If m = 0 we

put
(
X

(n)
0 , Y

(n)
0

)
= (0, 0).
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Let k be a function of n. We denote

∆k,r = [
r

k
,
r + 1

k
[, r ∈ N

Jn,r = {i, i ≥ 1X
(n)
i ∈ ∆k,r}

νn,r = cardJn,r

Y n,r =


1

νn,r

∑
i∈Jn,r

Y
(n)
i if νn,r > 0

0 otherwise

We then define Ψn,k the estimator of Ψ by
(∀r ≥ 0) (∀x ∈ ∆k,r) Ψn,k(x) = Y n,r

2 The main theorems

Let f0,1 be the first projection of f0 and let us consider the following hypotheses:

• H1) f is continuous and strictly positive

• H2) Ψα exists and is continuous for α = 1, 2

• H3) to each x in R+

P

(
f0,1

(
[x, x+ ∆x[

)
≥ 2

)
=o(∆x)

• H4) f0,1 satisfies the approximation ( see Daley[1974])

P

(
f0,1(I) = 1

)
∼= µ(I)

• H5) the second factorial moment of f0,1(I) exists for every bounded interval I

Remark: It results of the hypothesis H3 that f0,1 is without double points, that is

(∀i, j) (1 ≤ i <j) P

(
$ : Xi($) = Xj($) l > 1

)
=0

Therefore the points X1, ..., Xl can be strictily ordered with probability one (see Daley
[1974]).

Theorem 1 If, for l = k ≥ 1 the expression E(Y α
j /Xj = x) is finite and independant of j,

j = 1, ..., k and k then

Ψα(x) =
1

f(x)

∫
R

yαf ∗(x, y) dy

where f(x) =
∫
R
f ∗(x, y) dy

Theorem 2 Suppose the hypotheses H1, H2, H3, H4, H5 are satisfied. If k → ∞, n
k2 → ∞

and k = o( n
Logn

) as n→∞ then Ψn,k is a weakly consistant estimator of Ψ i.e

(∀x ∈ R) limn→∞E[(Ψn,k(x)−Ψ(x))2] = 0
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3 Preliminary Results

Lemma 3 If l = k, then the variables (X1, Y1) , ..., (Xk, Yk) are absolutely continuous with
respect the Lebesgue measure with density [P (l = k)]−1hi

kf
∗ i = 1, ..., k, say. Morover∑∞

k=1(
∑k

i=1 h
i
k) = 1

Proof :The first part is a two-dimensional version of theorem 2.1 and its colloraly in Dia[1990]
with φ = χA, A being any Borel set. That is: there exists Borel measurable function hi

k such
that

P ((Xi, Yi) ∈ A, l = k) =

∫
A

hi
k(x, y) dµ(x, y) =

∫
A

hi
k(x, y)f

∗(x, y) dx dy (1)

We have by that theorem

∞∑
k=1

k∑
i=1

P ((Xi, Yi) ∈ A, l = k) = µ(A) (2)

or
∑∞

k=1(
∫

A

∑k
i=1 h

i
k(x, y) dx dy) =

∫
A
f ∗(x, y) dx dy

The Beppo-Levi theorem implies that∑∞
k=1(

∑k
i=1 h

i
k(x, y)f

∗(x, y)) = f ∗(x, y)

The announced theorem is proved

A similar result is obtained for the one dimensional process f0,1, say.The variables Xi, i =
1, ..., k are absolutely continuous with respect to Lebesgue measure with conditional density
f i

k(x) = [P (l = k)]−1gi
k(x)f(x) and

∑∞
k=1[

∑k
i=1 g

i
k] = 1

4 The proofs of the theorems

4.1 Theorem 1

From equality(1) and the hypothesis Ib) on the regression, we have

Ψα(x) = E(Y α
j /Xj = x) =

+∞∑
k=j

∫
R+

yαhj
k(x, y)f

∗(x, y) dx dy

+∞∑
k=j

gj
k(x)f(x)

(3)

for each j. Which implies

Ψα(x) =

+∞∑
k=1

k∑
j=1

∫
R+

yαhj
k(x, y)f

∗(x, y) dx dy

+∞∑
k=1

k∑
j=1

gj
k(x)f(x)

(4)
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the serie in the numerator being convergent. It follows by the lemma 1 and the Beppo-Levi
theorem the desired result.

Denote r = [kx] For fixed x in R∗
+ where [z] stands for the entire part of a real number

z. ∆j
k,r = (νn,r = j).

Consider the following partition of Jn,r say

Jn,r =
⋃n

s=1 J
(s)
n,r where J (s)

n,r stands for the set of indexes i such that X
(n)
i , element of the

s th component of f1,(n) denoted by f1,s, belongs to ∆k,r. Let ν
(s)
n,r = cardJ (s)

n,r

Lemma 4 Suppose that H1 H2 H3 are satisfied. Then there exist a point ζk,r,α in the closure
of ∆k,r such that

(∀j ≥ 1) (∀i ∈ Jn,r) E((Y
(n)
i )α/∆j

k,r) = Ψα(ζk,r,α)

Proof∫
νn,r=j

(Y
(n)
i )α dP =

∑
j1,j2,...js...jn
j1+j2...+jn=j

∫
ν
(s)
n,r=js

(Y
(n)
i )α dP

We make the convention that the integral in the right hand side is nul if J (s)
n,r = Ø or if

i /∈ J (s)
n,r

Therefore if J (s)
n,r 6= Ø and i ∈ J (s)

n,r the hypothesis a) in I) gives∫
νn,r=js,i∈J (s)

n,r

(Y
(n)
i )α dP =

∫
X

(n)
i ∈∆k,r,...X

(n)
ijs
∈∆k,r

ψα(xi)dFX
(n)
i ,...X

(n)
ijs

(xi, ..., xijs
)

where (X
(n)
i , ..., X

(n)
ijs

) are the js variables of the set (ν
(s)
n,r = js).

Since Ψα is continuous, we obtain∫
ν
(s)
n,r=js

(Y
(n)
i )α dP = P (ν(s)

n,r = js)Ψα(ζs)

ζs belonging to the closure of ∆k,r. Hence∫
νn,r=j

(Y
(n)
i )α dP =

∑
j1,j2,...js...jn
j1+j2...+jn=j

P (ν(s)
n,r = js)Ψα(ζs)

E

(
(Y

(n)
i )α/∆j

k,r

)
= 1

P (∆j
k,r)

∫
νn,r=j

(Y
(n)
i )α dP is then betweenminx∈∆k,rΨα(x) andmaxx∈∆k,rΨα(x).

Since Ψα is continuous, we get the announced result.

Proposition 1 If, H1, H2,H3, H4,H5 are satisfied and n
k2 →∞, n→∞ then

• a) limn→+∞
∑+∞

j=1 P (∆j
k,r) = 1

• b) limn→+∞
∑+∞

j=1
1
j
P (∆j

k,r) = 0

• c) limn→+∞ n
∑+∞

j=1
1
j2P (∆j

k,r) = 0
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Proof

Write

∞∑
j=1

P (∆j
k,r) = 1− P (∆0

k,r)

But

P (∆0
k,r) = P (f0,1(∆k,r) = 0))n = (1− (P (f0,1(∆k,r) = 1) + P (f0,1(∆k,r) ≥ 2))n

and

P (f0,1(∆k,r) = 1) = µ1(∆k,r) + o( 1
k
)

= 1
k
f(α) + o( 1

k
)

where α ∈ ∆k,r because of H4 and the continuity of f

By H3 we have P (f0,1(∆k,r) ≥ 2) = o( 1
k
)

Hence

P (∆0
k,r) = enLog(1−( 1

k
f(α)+o( 1

k
)))

∼= e
−n
k

(f(α)+ε( 1
k
))

Since n
k
→∞ as n→ +∞ and f(α) → f(x) > 0,a) is proved.

b)
∑∞

j=1
1
j
P (∆j

k,r) = E( 1
νn,r

)

Let us show that νn,r → +∞ with probability one. Let A ≥ 2.
We have

P (f0,1(∆k,r) ≤ A) ≤ P (f0,1(∆k,r) = 1) + P (f0,1(∆k,r) ≥ 2)

Hence by part a)and H3 we get P (f0,1(∆k,r ≤ A) → 0 as n→ +∞

It follows that it exists δ > 0 such that P (νn,r > A) > δ. Therefore by the Borel-
Cantelli lemma infinitely many events(f1,s(∆k,r) > A) occur with probability one. Hence
νn,r =

∑n
1 f1,s(∆k,r) → +∞ with probability one.

The Lebesgue dominated convergence theorem implies the announced result.

c)It is the same to chow that limn→+∞E(
n

ν2
n,r

) = 0

Write



4 THE PROOFS OF THE THEOREMS 6

n

ν2
n,r

=
1

nµ2
1(∆k,r)

(
nµ1(∆k,r)

νn,r

)2 (5)

nµ1(∆k,r)

νn,r

=
nµ1(∆k,r)∑n

s=1 ν
(s)
n,r

(6)

But E(
ν

(s)
n,r

µ1(∆k,r)
) = 1 and the random variables

ν
(s)
n,r

µ1(∆k,r)
s = 1, ..., n are independant and

identically distributed. Hence the equality (6) tends to 1 with probability one by the strong
low of large numbers and therefore it is bounded with probability one.

µ1(∆k,r) =

∫ r+1
k

r
k

f(x) dx =
f(α)

k
(7)

with α ∈ ∆k,r

f(α) → f(x) > 0 as n→ +∞ by the continuity of f .

Therefore
n

ν2
n,r

= O(
k2

n
) a.s

The Lebesgue dominated convergence theorem implies the desired result.

Remark:The strong law of large numbers as mentioned earlier is slightly different from

the standard in the literature, because the distribution function of the variables
ν
(s)
n,r

µ1(∆k,r)

depends on n for s = 1, ..., n.To make it valid it is sufficient to show,following (e.g Billings-

ley,p.291), that E
(

ν
(s)
n,r

∆k,r
χ

[
ν
(s)
n,r

∆k,r
≥n]

)
tends to zero as n → +∞.Let ∆ be a bounded interval

containing ∆k,r for n large,then this expectation is bounded by E
(
f0,1(∆)χ[f0,1(∆)≥nµ1(∆k,r)]

)
.

Since nµ1(∆k,r) tends to +∞ as n→ +∞ we have the desired result.

Proposition 2 Under the conditions of theorem 2, if H4 is satisfied then

limn→+∞

+∞∑
j=1

1

j2

∑
i6=i′

cov(Y
(n)
i′ , Y

(n)
i /∆j

k,r)P (∆j
k,r) = 0

Proof We suppose that i and i′ belong to the same J (s)
n,r and cardJ (s)

n,r ≥ 2 otherwise the
covarience is nul
Let s be fixed and i, i′ belong to J (s)

n,r

The inequality

|cov(Y (n)
i′ , Y

(n)
i /∆j

k,r)| ≤ (E((Y
(n)
i )2/∆j

k,r))
1
2 (E((Y

(n)
i′ )2/∆j

k,r))
1
2

implies



4 THE PROOFS OF THE THEOREMS 7

∑
i6=i′

|cov(Y (n)
i′ , Y

(n)
i /∆j

k,r)|P (∆j
k,r) ≤

∑
i6=i′

E(χ∆j
k,r

(E((Y
(n)
i )2/∆j

k,r))
1
2 (E((Y

(n)
i′ )2/∆j

k,r))
1
2 )

≤
j∑

α=2

E(
∑
i6=i′

J (s)
n,r

χ∆j
k,r

Ψ2(ζk,r,2)/cardJ (s)
n,r = α)P (cardJ (s)

n,r = α)

≤
j∑

α=2

α(α− 1)Ψ2(ζk,r,2)P (νn−1,r = j − α)P (ν(s)
n,r = α)

We have for such i and i′

+∞∑
j=1

1

j2

∑
i6=i′

|cov(Y (n)
i′ , Y

(n)
i /∆j

k,r)|P (∆j
k,r) ≤

+∞∑
j=1

1

j2

j∑
α=2

α(α− 1)Ψ2(ζk,r,2)P (νn−1,r = j − α)P (ν(s)
n,r = α)

≤
+∞∑
α=1

α(α− 1)P (ν(s)
n,r = α)

+∞∑
j=α

1

j2
P (νn−1,r = j − α)

≤ Ψ2(ζk,r,2)η
(2)
r

(
+∞∑
j=1

1

j2
P (νn−1,r = j) + P (νn−1,r = 0)

)

where η
(2)
r stands for the second factorial moment of f0,1(∆k,r)

Hence for i and i′ belonging to Jn,r we have

+∞∑
j=1

1

j2

∑
i6=i′

|cov(Y (n)
i′ , Y

(n)
i /∆j

k,r)|P (∆j
k,r) ≤ nΨ2(ζk,r,2)η

(2)
r

(
+∞∑
j=1

1

j2
P (νn−1,r = j)+P (νn−1,r = 0)

)

In proposition 1 a) we have stated that

P (∆0
k,r) = enLog(1−( 1

k
f(α)+o( 1

k
))) ∼= e

−n
k

(f(α)+ε( 1
k
))

It follows that Log
(
nP (νn−1,r)

)
∼= Logn− (n−1)

k
(f(α)+ε( 1

k
)) which tends to −∞ as n→ +∞

The proposition 1 c) then implies the desired result.

4.2 Theorem 2

By Lemma 2 we have

E(Ψn,k(x)) = E(E(Ψn,k(x)/νn,r)) = Ψ(ζk,r,1)
+∞∑
j=1

P (∆j
k,r) (8)
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In the same way

E(Ψ2
n,k(x)) =

+∞∑
j=1

E(Ψ2
n,k(x)/∆

j
k,r)P (∆j

k,r)

E(Ψ2
n,k/∆

j
k,r) =

1

j2

∑
i

E((Y
(n)
i )2/∆j

k,r) +
1

j2

∑
i6=i′

E(Y
(n)
i′ Y

(n)
i /∆j

k,r)

Express
+∞∑
j=1

1

j2

∑
i6=i′

E(Y
(n)
i′ Y

(n)
i /∆j

k,r)P (∆j
k,r) as

+∞∑
j=1

1

j2

∑
i6=i′

cov(Y
(n)
i′ , Y

(n)
i /∆j

k,r)P (∆j
k,r) + Ψ2(ζk,r,1)

+∞∑
j=1

P (∆j
k,r)−Ψ2(ζk,r,1)

+∞∑
j=1

1

j
P (∆j

k,r)

Proposition 1 and Proposition 2 imply that this last expression tends to Ψ2(x) as n→ +∞

On the ather hand

+∞∑
1

1

j2

∑
i

E((Y
(n)
i )2/∆j

k,r)P (∆j
k,r) ≤ Ψ2(ζk,r,2)

+∞∑
j=1

1

j
P (∆j

k,r)

The right hand side of this expression tends to 0 as n → +∞ by proposition 1. It follows
that E(Ψ2

n,k(x)) → Ψ2(x) as n→ +∞

The proposition 2 again implies, by equality (8), that E(Ψn,k(x)) → Ψ(x) as n → +∞.
Hence V ar(Ψn(x)) → 0 as n→ +∞

Since limn→+∞(BiasΨn,k(x))
2 = 0 the proof of theorem 2 is complete.

Remark

If there exists Y independant of the process such that Yi < Y for i = 1, 2, ... then

E((Y
(n)
i )2/∆j

k,r) < Ψ1(ζk,r,1)E(Y ) and the theorem remains valid if Y has a finite mo-
ment.Therefore,in this case, we shall restrict ourself to processes for which the general hy-
potheses and H2 are verified for α = 1.

5 Application

Let Xn n = 1, 2.., be a sequence of i.i.d random variables having the same disribution as a
variable X with values in R+

Put Sn = X1 +X2 + ...+Xn, F (x) = P (X < x) its distribution which we suppose continuous

with density f̂ strictly positive and continuous. For every x in R+ define N(x) = Sup(n :
Sn ∈ [0, x]).

We consider the process f0,1 generated by Sn with mean measure µ1 defined by

∀A ∈ R+ µ1(A) =
+∞∑
n=1

P (Sn ∈ A)
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which admits a continuous and strictly positive derivative. We denote µ1([0, x]) = µ1(x) =
+∞∑
k=1

F ∗k (x)

where F ∗k (x) stands for the n-convolution of the distribution F
It is well-known that hypothesis H5 is satisfied.
Let us now show that f0,1 satisfies also H3 and H4

1) for H3

We have
{f0,1([x, x+ ∆x]) ≥ 2} ⊂

⋃+∞
k=1(Sk ∈ [x, x+ ∆x], Sk+1 ∈ [x, x+ ∆x])

And

P (Sk ∈ [x, x+ ∆x], Sk+1 ∈ [x, x+ ∆x]) =

∫ x+∆x

x

P (Sk+1 ∈ [x, x+ ∆x]/Sk = u) dFSk
(u)

=

∫ x+∆x

x

P (Xk+1 + u ∈ [x, x+ ∆x]/Sk = u),dFSk
(u)

=

∫ x+∆x

x

P (Xk+1 + u ∈ [x, x+ ∆x]) dFSk

because the variables Xk are independant

We now express the term in the integral as

P (Xk+1 + u ∈ [x, x+ ∆x]) =

∫ x+∆x−u

x−u

f̂(t) dt = ∆xf̂(ζ)

where ζ ∈ [x− u, x+ ∆x− u]

Hence

P (f0,1([x, x+ ∆x]) ≥ 2) ≤
+∞∑
k=1

∆xf̂(ζ)

∫ x+x∆x

x

dFSk
(u)

≤ ∆xf̂(ζ)

∫ x+∆x

x

d(
+∞∑
k=1

FSk
(u))

≤ ∆xf̂(ζ)

∫ x+∆x

x

dµ1(x) = ∆xf̂(ζ)µ1(∆x)

Since µ1 is continuous we get

P (f0,1([x, x+ ∆x]) ≥ 2) = o(∆x)

2)for H4 we have on the one hand

P (f0,1([x, x+ ∆x]) = 1) =
+∞∑
n=0

P (f1,0([x, x+ ∆x]) = 1, N(x) = n) (9)
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But

P (f0,1([x, x+ ∆x]) = 1/N(x) = n) = P (Sn+1 − Sn ∈ [x, x+ ∆x]/Sn = x)

= P (Xn+1 ∈ [x, x+ ∆x]

Thus we obtain from (9) the equality

P (f0,1([x, x+ ∆x]) = 1) =

∫ x+∆x

x

dF (x) (10)

On the other hand the renewal equation

µ1(t) = F (t) +

∫ t

0

µ1(t− u) dF (u)

gives

µ1([x, x+ ∆x]) =

∫ x+∆x

x

dF (x) +

∫ x+∆x

x

(µ1(x+ ∆x− u)− µ1(x− u)) dF (u)

=

∫ x+∆x

x

dF (x) + µ1(∆x)

∫ x+∆x

x

dF (u) (11)

The equalities (10) and (11) give the desired result.

Suppose now, with the ith variable Xi, is associated a second variable Wi such that the
(Xi,Wi) are independant and Wi are identically distributed. We impose Xi and Wi to be
dependant.

The process defined by

YNt =

{ ∑Nt

i=1Wi if Nt > 0
0 otherwise

is a cumulative process on R+

Suppose that Z1 = (X1,W1) have density f(x,w), then the random vector Z2 = (X1 +
X2,W1 +W2) admits a density given by

f (2)(x,w) =

∫ +∞

0

∫ +∞

0

f(x− u,w − v)f(u, v) du dv

where f (2) stands for the two-fold convolution of f (e.g. Pugachev 1965, p.128 )

The process ZNt = (
∑Nt

i=1Wi,
∑Nt

i=1Xi) admits mean measure µ with density f ∗ defined by

f ∗(x,w) =
+∞∑
1

f (n−1) ∗ f(x,w)

with f 0 = 1
We are now interested in the regression function E(Yr/Sr = x)
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Let fSr be the density of Sr and f(Sr,X2,W2)that of (Sr, X2,W2)
We have

P (S2 < x,X2 < x2,W2 < w) =

∫ x2

0

∫ w

0

P (S2 < x/X2 = u,W2 = v)dF(X2,W2)(u, v)

=

∫ x2

0

∫ w

0

P (X1 < x− u)f(u, v) du dv

We deduce that
f(S2,X2,W2)(x, x2, w) = fX1(x− u)f(x2, w)

Hence

f(S2,W2)(x,w) =

∫ x

0

fX1(x− u)f(u,w) du

A similar calculus leads to the following result

f(Sr,Wr)(x,w) =

∫ x

0

fSr(x− u)f(u,w) du

We get from this:

E(Wr/Sr = x) =
1

fSr(x)

∫ +∞

0

wf(Sr,Wr)(x,w) dw

=
1

fSr(x)

∫ x

0

[fSr−1(x− u)

∫ +∞

0

wf(u,w) dw] du

=
1

fSr(x)

∫ x

0

fSr−1(x− u)fXr(u)E(Wr/Xr = u) du (12)

hence

E(Yr/Sr = x) =
r

fSr(x)

∫ x

0

fSr−1(x− u)fXr(u)E(Wr/Xr = u) du

We are now in position to examine the conditions under which this regression function is
independant of the index r.
If it is so we have:

Ψ(x) =

∫ x

0

+∞∑
r=2

rfSr(x− u)fX1(u)Ψ(u)

+∞∑
r=2

fSr(x)

du (13)

Puting
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K(x, u) =

+∞∑
r=2

rfSr(x− u)fX1(u)

+∞∑
r=2

fSr(x)

We recognize in (13) a Voltera equation of the the second kind with kernel K(x, u).

Suppose that X is exponentially distributed with density ρe−ρx then Nt is a Poisson pro-
cess and Sr has a Gamma distribution with density ρ(ρx)r−1e−ρx/(r − 1)!. Straightforward
calculations give:

K(x, u) =
ρ(ρ(x− u) + 2)eρ(x−u)

eρx − 1

Theorem 5 Suppose that Ψ(x) admits a continuous derivative and Ψ(0) = 0. Then E(Yr/Sr =
x)is independant of r if and only if E(W1/X1 = x) is linear.

Proof
Suppose that E(Yr/Sr = x) = Ψ(x) independant of r. We can write,using (12)

Ψ(x) =

r

∫ x

0

(x− u)r−1Ψ
′
du

xr−1
(14)

We get the differential equation

Ψ
′
xr−1 + (r − 1)Ψxr−2 = r

∫ x

0

(r − 1)(x− u)r−2Ψ
′
(u) du

The integral in the second member is equal to Ψxr−2

so we obtain the equation

Ψ
′
x−Ψ = 0

which leads to the necessary condition. It is evident that if the derivative of E(W1/X1 =
x) = λx is replaced in the integral(14) we obtain the reciprocal of the theorem.

Remark
The necessity of the theorem can be obtained with the Voltera equation.By successive

integration by parts we get

∫ x

0

Ψ
′
(t)e−ρt dt = Ψ

′
(x)(1− e−ρx)/ρ
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Letting ρ tends to zero we obtain the desired result.

Let us now verify hypothesis Ib) for α = 1. We have for i = 1, ..., r

E(Wi/S1 = x1, S2 = x2, ..., Si = xi, ...Sr = xr)

=

∫ +∞

0

wf(Wi,X1,X2,...,Xi,...,Xr)(w, x1, x2 − x1, ..., xi − xi−1, ..., xr − xr−1)

f(X1,X2,...,Xi,...Xr)(x1, x2 − x1, ..., xi − xi−1, ..., xr − xr−1)
dw

Using the independance of the variables we get

E(Wi/S1 = x1, S2 = x2, ..., Si = xi, ...Sr = xr)

=

∫ +∞

0

wf(Xi,Wi)(xi − xi−1, w)f(X1,...,Xi−1,Xi+1,...,Xr)(x1, ..., xi−1 − xi−2, xi+1 − xi, ..., xr − xr−1)

fXi
(xi − xi−1)f(X1,...,Xi−1,Xi+1,...,Xr)(x1, ...xi−1 − xi−2, xi+1 − xi, ...xr))

dw

=

∫ +∞

0

wf(Xi,Wi)(xi − xi−1, w)

fXi
(xi − xi−1)

dw

= λ(xi − xi−1)

Puting x0 = 0, it follows that

E(Yk/S1 = x1, S2 = x2, ..., Sk = xk, ...Sr = xr) = E(Yk/Sk = xk) for k = 1, ..., r.

We suppose the existence of a random variable Yt independant of the proceess such
that YNt < Yt and E(Yt) < +∞ for each t then, with the remark following theorem 2,the
conditions are satisfied to apply the method of estimation on arbitrarily interval [0, T ] of R+.
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