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Abstract

We estimate a regression function on a point process by the Tukey regressogram method in
a general setting and we give an application in the case of a cumulative Renewal Process.
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1 General hypotheses

We consider in this paper a bidimensional point process fy defined on a probability space
<Q7A, P) with values in R, x R;. For any Borel set A of Ry x R denote by fy(A) the

number of points falling in A. We suppose that [ = fo(R, x R, ) is finite almost surely and
that the mean measure of f, say p admits a Radon Nikodym derivative f*.For every open
non-empty set © we suppose that P(fo(6) > 0) > 0.

Let fo1 be the first projection of fy;we denote by p; its mean measure and f its Radon
Nikodym density. If I > 1 let (X1,Y)) ,...,(X},Y;) the points of the process ordered such that
X <. <X,

We define (X, Y5)=(0,0).Let o be an integer and suppose [ = ly,ly > 0.

The model of regression we are considering satisfies the following:

a)E (Y}Q/Xl =T, ...,Xj = Iy, ~--7Xlo = l‘lo) =F (Y;,O‘/Xj = Ij) for j = 1, ...,l()

b)E (Y}"‘/Xj = .:1:) is independant of j and [y for j = 1, ..., ly. We denote this funtion as ¥, (x)

Consider f; for ¢ = 1,..n  n i.i.d points processes having the same distribution as f; and
fny their superposition in the sens of Cox[1966]. We denote m = f(,)(Ry x Ry) and fi ()
the first projection of f,). If a=1 we denote as ¥ the function W,.

The estimator we are dealing with is the fixed bandwidth regressogram of Tukey [1961]
developped later by Major[1973], Geffroy[1980]. It was utilized for estimating the regression
function on a Poisson Process in Dia[1987].

Suppose m > 1 and let (Xf"%Yf“),...,(X,S?),Yn({‘)> be the points of f,). If m = 0 we
put (X(()n),Yo(n)> = (0,0).
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Let £ be a function of n. We denote

rr+1
Ay, = , eN
, it
Tnr = {1,i>1X" € A, )
Unyp = Cardjn,r
1 () .
_ Y, it v, >0
R e )
0 otherwise

We then define W, ;, the estimator o_f U by
(VT > 0) (VZ‘ € Ak,r) \I/mk(I) = Ynﬂ«

2 The main theorems

Let fo1 be the first projection of f, and let us consider the following hypotheses:

e Hy) f is continuous and strictly positive
e Hy) ¥, exists and is continuous for v = 1,2
)

e Hj3) to each z in R

P( foi(lz,z+ Az]) > 2) =o(Ax)

e H,) fo. satisfies the approximation ( see Daley[1974])

P(fua)=1) = utt)

e H;) the second factorial moment of fy (/) exists for every bounded interval [

Remark: It results of the hypothesis Hj that fy; is without double points, that is

(Vi,7) (1 <i <j) P(w c Xi(w) = Xj(w) 1> 1):0

Therefore the points X7,...,X; can be strictily ordered with probability one (see Daley
[1974]).

Theorem 1 If, forl =k > 1 the expression E(Y*/X; = x) is finite and independant of j,
7=1,....k and k then

1 a r*
‘I’a(x):m/Ry [ (z,y)dy

where f(x) = [g f*(x,y) dy

Theorem 2 Suppose the hypotheses Hy, Ho, H3, Hy, Hs are satisfied. If k — oo, 75 — o0

and k = O(L;;n) as n — oo then VU, 1 is a weakly consistant estimator of U i.e

(V2 € R) limy oo B[(Wnp(z) — T(2))?] =0
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3 Preliminary Results

Lemma 3 Ifl =k, then the variables (X1,Y1), ..., (Xy, Yi) are absolutely continuous with
respect the Lebesque measure with density [P(l = k)] Yhif* i=1,... k, say. Morover

Z?:l(Zi:l k) =1

Proof:The first part is a two-dimensional version of theorem 2.1 and its colloraly in Dia[1990]
with ¢ = x4, A being any Borel set. That is: there exists Borel measurable function h} such
that

PUXY) € Al =) = [ o) dutog) = [ WGe)s G@o)dzdy ()
We have by that theorem

oo k
YN P(XLY:) € Al =k) = p(A) (2)

k=1 1=1

or (4 i Mz, y) dedy) = [, f*(z,y) dz dy

The Beppo-Levi theorem implies that

S (i b y) f () = (2, y)
The announced theorem is proved

A similar result is obtained for the one dimensional process fy1, say.The variables X;,i =
., k are absolutely continuous with respect to Lebesgue measure with conditional density

fk( ) = [P(1 = K] i (@) f(2) and Y32, [320, gi] = 1
4 The proofs of the theorems

4.1 Theorem 1

From equality(1) and the hypothesis Ib) on the regression, we have

Z/ ahi(m,y)f*(x’y) dx dy
Uy(x) = EY/X; =x) = — -

> gk f @)

for each j. Which implies

+oo Kk

ZZ/ Yol (z,y) £ (2, y) de dy

Wo(r) = = (4)

+oo Kk

> D g@)f()
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the serie in the numerator being convergent. It follows by the lemma 1 and the Beppo-Levi
theorem the desired result.

Denote r = [kz| For fixed x in R’ where [z] stands for the entire part of a real number
2. A{W = (Vnyr = J)-

Consider the following partition of 7, , say

T = UL, jn(sr) where Jn(sr) stands for the set of indexes 7 such that Xi(n), element of the

s th component of fi (,,) denoted by fi s, belongs to Ay . Let ) = card 7,3

Lemma 4 Suppose that H, Hy Hj are satisfied. Then there exist a point Cy , o in the closure
of Ay, such that

(Vi >1) (Vi€ Tn) B(Y")/AL) = UalChra)

Proof
(Mo _ (n)\a
[ ora s [ o
Un,r=j J15d25 s eendn T
Jitg2..-+In=J

We make the convention that the integral in the right hand side is nul if jn(sr) = or if
: ()
i & Tny

Therefore if 7,3 # @ and i € J\3 the hypothesis a) in I) gives

/ Y ") dp = / N Co ) IS CH
Vn,r=s €T X<7L>€Ak,T,...X§;;)€Ak,r i

A Js
where (X, ..., XS’:)) are the j, variables of the set (V57 = j,).

)

Since W, is continuous, we obtain

Js)Va(Cs)

[, @yar=Pug

VUn,r=Js

(s belonging to the closure of Ay ,. Hence

[ erar= 3 Pu =)V
Vn,r=]

J17]27]5]n
J1t+Jj2--+in=J

El ™Al T> = ﬁ / (Y™)* dP is then between minzea, , Vo (2) and mazzea, , Vo z
7 kor Vn,r:j ! 1

Since ¥, is continuous, we get the announced result.

Proposition 1 If, Hy, Hy,Hs, Hy,Hs are satisfied and ;5 — 00, n — oo then
e a)lim, . Z;_:OT P(Ai,r) =1

o b)lim, oo >, 2P(A]) =0

Jj=1j

e ¢)lim, . n E;;Of j%P(Aiﬂ,) =0
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Proof

Write
Y P(A],) =1-P(A},)
j=1

But

P<A2,r) = P(fO,l(Ak,r) = 0))71 = (1 - (P(fo,l(Ak,r) - 1) + P(fO,l(Ak,r) Z 2))”

and

P(fO,l (Ak,r)

1) = i (Ag,) + 0(%)
fa) +o(3)

where a € Ay, because of H, and the continuity of f

)

=

By H3 we have P(fo1(Ag,) > 2) = o

x| =

Hence
P(Ag T) _ nLog(l—(%f(a)‘f'O(%)))

& o U (@)+e(})

Since 7 — oo as n — +o0 and f(a) — f(z) > 0,a) is proved.

b) 3252, JP(AL,) = E(G-)
Let us show that v,,, — 400 with probability one. Let A > 2.
We have
P(fo1(Ak,) < A) < P(for(Agy) =1) + P(fo1(Ak,y) > 2)

Hence by part a)and Hs we get P(fo1(Ar, <A) —0asn — +0o00

It follows that it exists 6 > 0 such that P(v,, > A) > 0. Therefore by the Borel-
Cantelli lemma infinitely many events(f; s(Ax,) > A) occur with probability one. Hence
Uny = 1 J1.5(Agr) — 400 with probability one.

The Lebesgue dominated convergence theorem implies the announced result.

¢)It is the same to chow that limn_>+ooE(%) =0

n,r

Write
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T T v v ®)
i (D) _ np (D) (6)
Vn,r > e ’/7(137)‘
V) : ) :
But E(m) =1 and the random variables m s = 1,...,n are independant and

identically distributed. Hence the equality (6) tends to 1 with probability one by the strong
low of large numbers and therefore it is bounded with probability one.

@) = [ peyar =L g

i

with o € Ak,r

f(a) — f(x) > 0 as n — 400 by the continuity of f.

k2

Therefore % = O(
n

n,r

) a.s
The Lebesgue dominated convergence theorem implies the desired result.

Remark:The strong law of large numbers as mentioned earlier is slightly different from
(s)

1By
depends on n for s = 1,...,n.To make it valid it is sufficient to show,following (e.g Billings-

(5)
ley,p.291), that E(Z"—k”x (s) > tends to zero as n — +4o00.Let A be a bounded interval

v,
[ An" 7: 2 n]

the standard in the literature, because the distribution function of the variables

containing Ay, for n large,then this expectation is bounded by £ <f071(A)X[fO,l(A)Znﬂl(Ak,r)}> .

Since npuy (Ag,) tends to +00 as n — +o0o we have the desired result.
Proposition 2 Under the conditions of theorem 2, if H4 is satisfied then
> . .
L —yo D =5 3 (Y3 Y /AL )P(A]) = 0
— J° ’ ’
J=1 i1’

Proof We suppose that ¢ and " belong to the same .77582 and cardjéf}? > 2 otherwise the
covarience is nul
Let s be fixed and i, belong to J.%)

The inequality

lcov(Y", Y, AL )| < (B((Y )2/ AL )2 (B((YS)?/AL)z

implies
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> leov(¥y Y AL DIP(AL,) <D Bl (B(Y™)/AL))2 (BIY,")/AL,))?)
i#i! i#4!

J
> B Xy, VolGura)fcardF ) = a)P(card () = a)

a=2 i
T

IN

< Za(a - 1)\112(<k,7‘,2>P(VTL—177‘ = .7 - Q)P(anz = Oé)

a=2

We have for such ¢ and ¢’

+oo “+oo J
1 n n . . 1 . s
> 7 > leon(ViV VAL IP(AL) <Y 7 > ala = D)Us(Gr2) P(vnors = j — @) P(v) =
j=1 =

Jj=1 i’ =2
+o0 +00 1
< Y ala-)PU) =) S P, =j— )
2 - j
a=1 j=a
+o00 1
< qu(Ck,rQ)n?(“Z) (Z PP(anl,r = ]) + P(anl,r = 0))
j=1

@

where 7,;” stands for the second factorial moment of fo1(Ag,)

Hence for ¢ and ¢’ belonging to 7,,, we have

+00 +oo
) ‘COU(Y;’( )7 Y'z( )/Air”P(Air) < n\DQ(CkyTQ)m(ﬂz) -_P(Vn—l,r‘ = ])+P(Vn—l,r — O)
j2 ) ) j2

J=17 i 7=l

In proposition 1 a) we have stated that

P(AY,) = enbosll=(Rf@ o) & (T (F(@)+e(})

It follows that Log (nP(Vn_M)> > Logn—%(f(a)—i—e(%)) which tends to —oo as n — 400

The proposition 1 ¢) then implies the desired result.

4.2 Theorem 2

By Lemma 2 we have

E(Unk(2)) = E(E(Uni(2)/vnr)) = ¥ (Crra) Z P(A;,) (8)
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In the same way

E(V, (2)) = Z E(7, (2) /A, ) P(A,)

E(V2,/AL,) = 2215 Y2 Al QZE Yy AL
i#i’

Express Z ZE (v, My, ™ /A )P(A],) as

Jj= 1 i
. = . =<1 )
Z LS con (v, v, A, P () + 2 (Gera) D PIAL) = W) D S P(AL)
Jj= 1 i’ Jj=1 Jj=1

Proposition 1 and Proposition 2 imply that this last expression tends to U?(x) as n — +oo

On the ather hand

+o00 o

1 o | .

> o Y B AL)PAL) < UalGra) D PO
1 3 =

The right hand side of this expression tends to 0 as n — 400 by proposition 1. It follows
that E(V2 ,(x)) — ¥*(x) as n — +00

The proposition 2 again implies, by equality (8), that E(VU, x(z)) — ¥(x) as n — +o0.
Hence Var(¥,(z)) — 0 as n — +o00

Since lim,, . (Bias¥, ;(z))* = 0 the proof of theorem 2 is complete.
Remark

If there exists Y independant of the process such that Y; < Y for ¢ = 1,2,... then
E((Y;(n))Q/AZW) < W1(Crr1)E(Y) and the theorem remains valid if Y has a finite mo-
ment. Therefore,in this case, we shall restrict ourself to processes for which the general hy-
potheses and H, are verified for o = 1.

5 Application

Let X,, n = 1,2.., be a sequence of i.i.d random variables having the same disribution as a
variable X Wlth Values in Ry

Put S, = Xi+ Xo+...+ X,,, F(z) = P(X < z) its distribution which we suppose continuous
with density f strictly positive and continuous. For every x in R, define N(z) = Sup(n
S, €10, x]).

We consider the process fy1 generated by .S,, with mean measure j; defined by

“+o0o
VA € Ry m(A) =) P(S, € A)
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which admits a continuous and strictly positive derivative. We denote pu4([0, x]) = pi(x) =

+00

> Fi()

k=1

where F}(x) stands for the n-convolution of the distribution F

It is well-known that hypothesis Hj is satisfied.

Let us now show that fy; satisfies also H3 and Hy
].) for H3

We have

{for([z,x + Ax]) > 2} C ULSS(Sk € 7,2 + Az], Spy1 € [z, + Ax])
And

z+Azx
P(Sy € [z, x + Ax], Sk1 € [z, 2+ Az]) = / P(Sit1 € [z, 2 + Ax]/S, = u) dFg, (u)
x;t—&-Ax
= / P(Xgi1+u € [z,x+ Az]/S, = u) dFg, (u)

z+Azx
= / P(Xji1+u € [x,x + Azx]) dFy,
because the variables X are independant

We now express the term in the integral as
z+Ax—u R

P(Xps1 +u € [r,2 + Az]) = / Ft) dt = Azf(Q)

r—u

where ¢ € [z —u,z + Az — u]

Hence

Plfor(lro+ A >2) < 3 Acf() / " aFy ()

IN
B
8
~
—~
N
N~—
&\
+
>
8
=
o
—~
S

AN
>
S
=)
o
ﬁ
+
>
g
9
=
&
Il
>
S
=
-
=
>
&

Since p; is continuous we get

P(fou(lz,z + Ad]) = 2) = o(Ax)

2)for H, we have on the one hand

P(foi([z,z + Az]) =1) =Y P(fiollz,z + Az]) = 1, N(z) = n) (9)

n=0
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But

P(fo1([x,x+ Az]) =1/N(z) =n) = P(Spt1—Sn € [z,2 + Az]/S, = )
P(Xp41 € [z, 2+ Az]

Thus we obtain from (9) the equality

z+Az
P(for ([, 2 + Aa]) = 1) = / dF(z) (10)

On the other hand the renewal equation

() = F)+ [ (e —war)

gives

ul([:v,x—l—Ax]):/x xdF(x)—i—/x I(/Ll(ijAa:—u)—ul(x—u))dF(u)

z+Ax z+Az
_ / dF(z) + (Az) / dF (u) (11)
The equalities (10) and (11) give the desired result.

Suppose now, with the ith variable X, is associated a second variable W; such that the
(X;, W;) are independant and W; are identically distributed. We impose X; and W; to be
dependant.

The process defined by

MW AN >0
Yive = { 0 otherwise

is a cumulative process on R,
Suppose that Z; = (X3, W;) have density f(z,w), then the random vector Z, = (X; +
Xo, Wi + Ws) admits a density given by

400 +oo
f(2)($,w)=/0 i flz —u,w—0)f(u,v)dudv

where £ stands for the two-fold convolution of f (e.g. Pugachev 1965, p.128 )

The process Zy, = (Zf\il Wi, vatl X;) admits mean measure p with density f* defined by

+oo
Fr(aw) = fO  fz,w)
1

with f9 =1
We are now interested in the regression function E(Y,/S, = x)
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Let fs, be the density of S, and fs, x, w,)that of (S, Xo, W)
We have

2 w
P(S2 < I,XQ < o, W2 < w) = / / P(SQ < CE’/XQ = U,WQ = U)dF(X%WQ)(u,U)
0 0
To w
= / / P(X, <z —u)f(u,v)dudv
0 0

f(Sg,Xz,Wz)(xv Ty, w) = fx,(x — u) f(z2, w)

We deduce that

Hence

Fesman (@, w) = / Frale — ) f(u, w) du

A similar calculus leads to the following result

Fisony (@, 0) = / fs,(& — w)f(u,w) du

We get from this:

E(WT/ST = 37) =

- [Use=w) [ wrw) dula

- /sz W) fx, () EW, /X, = u) du (12)

hence

(Y/S 7‘1 fXT( ) (WT/X,,:U)CZU

We are now in position to examine the conditions under which this regression function is
independant of the index r.
If it is so we have:

U(z) = /0 = — du (13)

r=2

Puting
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+o0

> ks (=) fx, (u)

K(x,u) = =2 —
> fs.(x)

We recognize in (13) a Voltera equation of the the second kind with kernel K (z,u).

Suppose that X is exponentially distributed with density pe " then N, is a Poisson pro-
cess and S, has a Gamma distribution with density p(px)"~te=?*/(r — 1)!. Straightforward
calculations give:

plp(z —u) +2)e’™

K(z,u) = e — 1

Theorem 5 Suppose that V(x) admits a continuous derivative and W(0) = 0. Then E(Y,/S, =
x)is independant of v if and only if E(W;/X, = x) is linear.

Proof
Suppose that E(Y,/S, = x) = ¥(z) independant of . We can write,using (12)

r/ (. —u)" 10 du
0

xr‘fl

U(z) =

(14)
We get the differential equation
U (r = 1)U 2 = r/ (r—1)(z — u) 20 (u) du
0

The integral in the second member is equal to Wa" 2
so we obtain the equation

Uy -0 =0

which leads to the necessary condition. It is evident that if the derivative of E(W;/X; =
x) = Az is replaced in the integral(14) we obtain the reciprocal of the theorem.

Remark

The necessity of the theorem can be obtained with the Voltera equation.By successive
integration by parts we get

/Ox ' (e Pt dt = W' (z)(1 —e ") /p
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Letting p tends to zero we obtain the desired result.
Let us now verify hypothesis Ib) for « = 1. We have for i =1, ...,r

E(W;/S1 = x1,52 = xa, ..., S; = x;, .5, = x,)

dw

“+o00
. / wf(wi,Xl,XQ ,,,,, Xy, XT)(W,$175U2—9317---,96@'—%—17---,%—$r—1)
0 f(Xl,Xg ..... X,L-,...XT)(xly L2 = X1y eeey Tg — Ljely eeey Ty — $T—1)

Using the independance of the variables we get

E(VVZ/Sl = 1'1,82 = Z9, 7Sz = Z;, Sr = LL'T)

dw

oo wf(Xi,Wi)(aji — Ti—1, w)f()g ..... Xi 1, Xi1 1,0 XT)(xb ey Tim] — T2, Tip1 — Ly ooy Ty — Typ_1)
/o in (93@ - iUz'—l)f(Xl ..... Xio1,Xi4 1, XT)(ifl, c i1 — Xj—2, Tig1 — Ly, $r))
o oo wf(Xi,Wi)(xi — Tj—1, w)
a /0 fxi (i — i)
= Nx; — 1)

dw

Puting zy = 0, it follows that
E(Yk/Sl = xl,SQ = X9, ;Sk = Tk, ST = LCT) = E(Yk/Sk = Sl,’k) for k = 1, T

We suppose the existence of a random variable Y; independant of the proceess such
that Yy, < Y; and E(Y;) < 400 for each ¢ then, with the remark following theorem 2,the
conditions are satisfied to apply the method of estimation on arbitrarily interval [0, T of R
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